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FOURIER SERIES IN WEIGHTED LORENTZ SPACES 


JAVAD RASTEGARI AND GORD SINNAMON 


Abstract. The Fourier coefficient map is considered as an operator from a 
weighted Lorentz space on the circle to a weighted Lorentz sequence space. 
For a large range of Lorentz indices, necessary and sufficient conditions on the 
weights are given for the map to be bounded. In addition, new direct ana¬ 
logues are given for known weighted Lorentz space inequalities for the Fourier 
transform. Applications are given that involve Fourier coefficients of functions 
in LlogL and more general Lorentz-Zygmund spaces. 


1. Introduction 


The study of weighted Fourier inequalities has so far focused on the Fourier 
transform of functions on R. Very little, for general weights, has been accomplished 
for the Fourier coefficient map, />—>■/, where 



for each n G Z. Although there are many similarities between this map and the 
Fourier transform on R, the compactness of the domain of / and the discreteness 
of the domain of / make the theory substantially different. 

The Fourier transform and Fourier coefficient map are of fundamental impor¬ 
tance in harmonic analysis. Following the successful characterization of weighted 
Lebesgue-space inequalities for the Hilbert transform and related operators, B. 
Muckenhoupt proposed the characterization of weighted Lebesgue-space Fourier in¬ 
equalities as an important goal for the field. From subsequent work by J. Benedetto, 
H. Heinig, and R. Johnson in mil] and particularly in [3], weighted Lorentz-space 
Fourier inequalities emerged as a powerful technique for proving weighted Lebesgue- 
space Fourier inequalities, as well as being significant in their own right. Here we 
extend and adapt work from |151 na [19] to give weighted Lorentz-space Fourier 
inequalities for the Fourier coefficient map. Our results include, for a large range 
of indices p and g, necessary and sufficient conditions on weights u and w for which 
the inequality. 


||/||r,(.) < C||/||r,w, / G LHT) 


( 1 . 1 ) 


holds for some constant C independent of /. It also includes direct analogues, for 
the Fourier coefficient map, of the Lorentz-norm Fourier inequalities given in [3]. 

The Lorentz L-spaces in the inequality above are defined at the end of this in¬ 
troduction, along with the more classical A-spaces and the 0-spaces that hgure 
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prominently in our weight characterization. Section [2] is devoted to proving a rep¬ 
resentation theorem for certain generalized quasi-concave functions that will be 
needed to prove sufficient conditions for (11.11) . Section [3] contains a rather technical 
construction of the test functions that give necessary conditions for (HD. In Sec¬ 
tion |4] these are combined to prove our main results: Propositions 14.21 and 14.41 give 
a number of conditions that are sufficient to imply (HID for various index ranges. 
Theorems 14.5114.71 show that in a certain index range these conditions are also nec¬ 
essary. Applications to Fourier inequalities between Lorentz spaces with specific 
weights appear in Section [S] 

Our Fourier inequalities are stated and proved for / S L^{T) only. Here the 
circle T is identified with the real interval [0,1]. In most cases they involve a norm 
or quasi-norm in which the functions are dense. In such a cases it is standard 
to extend the Fourier coefficient map so that the inequality remains valid. This is 
left to the reader. 

We will make use of the Fourier coefficient map’s well-known group invariance 
properties: If / G T^(T), g{x) = and h{x) = f{x — xq), then 

(1.2) g{n) = f{n — uq) and h{n) = 


for any no G Z and any a;o G T. 

Throughout the paper, L+ denotes the collection of non-negative Lebesgue mea¬ 
surable functions on (0, oo) and, for 0 < p < oo and w £ L'^, the weighted Lebesgue 
space LP{w) denotes the normed (or quasi-normed) space of Lebesgue measurable 
functions h on (0,oo) for which 

/ I'oc \ i/p 

Wp,w=ij \h{t)\Pw{t) dtj < 00 . 

The Lebesgue spaces, for 1 < p < oo, over a general measure space (A, p), are 
defined in the usual way and denoted by L)). 

If {(oi, 6i), i G /} is a (necessarily finite or countable) collection of disjoint subin¬ 
tervals of (0,oo) we define the averaging operator A by, 


(1.3) 


Af{x) = ' 

l/(^ 


x£iai,bi), 

X ^ Uiei{ai,bi). 


The class of all such operators A is denoted A. It is an easy exercise to show that 
each A £ A maps L'^ to L'^ and is formally self-adjoint, that is, for all f,g£ L'^, 

pOC nOO 

/ Af{t)g{t)dt= / f{t)Ag{t)dt. 
do do 

For u £ L+, u° denotes the level function of u with respect to Lebesgue measure 
on (0, oo). If the function u{t)dt lies under any line on (0,oo) then it has a 
well-defined least concave majorant. This majorant is absolutely continuous and so 
may be represented as an integral. The function u° is defined by the requirement 
that u°{t) dt be the least concave majorant of u(t) dt. We may take u° to be 
decreasing, since it necessarily agrees with a decreasing function almost everywhere. 
Moreover, if u is decreasing then u° = u. 

u{t) dt does not lie under any line on (0,oo) the level function u° may be 
defined as the limit of an increasing sequence of level functions. For details, and 
additional properties of the level function, see [laiiiiiisiiisiiiiiiii]. 
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1.1. Lorentz Spaces. Let {X,ii) be a cr-finite measure space. For / S 

the rearrangement, /*, of / with respect to /x (see m) is the generalized inverse of 

the distribution function 


M/(A) = : \f{x)\ > A}, 


defined by 


f*{t) = inf{A > 0 : /x/(A) < t}. 

The rearrangement is a non-negative, decreasing, Lebesgue measurable function on 
(0, oo), and so is 


Define 


Ia.w = iinir 


lOpfu;) = sup 


|h*||p,„, and ll/llr^M = ||r*||j 


Here h is a function on (0, oo) and h* is its rearrangement with respect to Lebesgue 
measure. Since /* < /** it is easy to verify that, for every /, 


(1-4) ||/||Ap(u,) < Il/ll 0 p(u;) < ll/l|rp(u,)- 

Define Ap(w) to be the set of /x-measurable functions / for which ||/||a (w) is finite, 
and define 0p(w) and rp(rt;) correspondingly. Clearly, rp(w) C Qp(w) C Ap(w). 

When 1 < p < oo, || • ||ej,(tu) and || • ||rp(u)) are norms for any non-trivial weight 
w € L~^ (see m) and II • ||ap(ju) is a norm whenever w is decreasing. However, if 
there exists a constant c such that 


(1-5) II/IIfpW < cll/IUpM 

for all /x-measurable /, then || • ||a (w) is equivalent to both of the norms, || • ||e 
and II • ||rp(u,)- According to m such a c exists whenever w € Bp, that is, whenever 
there exists a constant hpiw) such that 


f°° w(s) , bp{w) 

/ - - ds < — - / w{s) ds, t > 0. 

Jt sP fP Jo 

When p = 1 the situation is different. If w S i?i,oo) that is, if there exists a constant 
bi{w) such that 


1 b iw') 

— / w{t) dt < — - / wit) dt, 0 < X < y < oo, 

y Jo X Jo 

then II • ||ai(iu) is equivalent to the norm || • || 0 j(uj) = || • ||ai(uj°)- This follows from 
Lemma 2.2 and Lemma 2.5 of m- 

When the underlying measure /i is Lebesgue measure, or any other infinite non- 
atomic measure, || • ||ap(iu) is a norm if and only if w is decreasing. Also, the Bp 
condition (when p > 1) and the Bi condition (when p = 1) are necessary and 
sufficient for || • ||Ap(tu) to be equivalent to a norm. See [13] and IHj. 

If the underlying measure p is finite, and f £ then /* is 

supported on (0,p(A)). Thus, ||/||ap(iu) depends only on the restriction of w to 
(0,p(X)). However, /** is not supported on (0,p(X)) so ||/||rp(u>) does depend on 
values of w outside (0,p(A)), but only through the value of J^x) 

If the underlying measure p is counting measure on Z, the space may 

be identified with a space of sequences. It is possible to define the rearrangement 





4 


JAVAD RASTEGARI AND GORD SINNAMON 


of a sequence directly to obtain another sequence but we will stick with the above 
definition, viewing as a space of ^-measurable functions, with decreasing 

functions on (0,oo) as their rearrangements. This is only a notational difference; 
the decreasing functions we obtain are constant on the intervals, [n,n + 1) for 
n = 0,1,... so each may be identified with the corresponding rearranged sequence 
if desired. 


2. Quasi-Concave Functions 

Functions with two monotonicity conditions arise naturally in our study of 
Fourier series in Lorentz spaces. Let a + fi > Q. By we mean the collection 
of all functions / G L+ such that is increasing and x~^ f{t) is decreasing. 

Notice that is a cone, being closed under addition and under multiplication by 
positive scalars. Functions in flop are called quasi-concave because they are equiva¬ 
lent to concave functions, and functions in fla,f 3 are called generalized quasi-concave 
functions. 

Our chief interest will be in the cone fl 2 ,o, but we begin by looking at all the cones 
^o !,/3 together because they are related by simple transformations. For instance, if 
A > 0 and g{t) = then g e if and only if / G OA(a-H 7 ),A(/ 3 - 7 )- 

Besides being in 02,0: the functions we encounter are constant on the interval 
(0,1). To deal with this additional restriction in general terms we introduce the 
cones. 


Pj = {/ G L'*’ : t ’'/(t) is constant on (0,^)} 


and set P = P^. 

Definition 2.1. Maps A : L+ —>■ L+ and B : L+ —>■ L+ are called formal adjoints 
provided 



for all f G L'f and g G . 

The following lemma is a modification of Lemma 4 in m- The lemma was 
applied outside its scope in Theorem 6 of m- In the version below we widen the 
scope to include all operators A having formal adjoints. This includes the averaging 
operators introduced in (11.31) and fills the gap in the proof of Theorem 6 of [19]. 

Lemma 2.2. Let 0<p<l<q< oo. Suppose {Y,p,), {X,iy), (T, A) are a-finite 
measure spaces, k(x,t) > 0 is a u x \-measurable function, and A : L+ —L+ has 
a formal adjoint. Define K by Kh{x) = Jj, k{x, t)h{t) d\{t) and let kt(x) = k{x, f). 
Then, for any u G L'lf and v G 


( 2 . 1 ) 




^>0 IIAtllp.w 
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Proof. Let C be the right-hand side of and fix h G L'^. Since 0 < p < 1, 
Minkowski’s integral inequality shows that 


\\kt\\p,vuhit) dX{t) = 


i/p 

k{x,t)^v{x) diy{x) ] h{t) dX(t) 


T \Jx 


< 


p \ ^Ip 

k{x,t)h{t) dX{t) \ v{x)dv{x) 


lx \Jt 

= \\Kh\\p,^,. 

Let : L+ —>• L+ be a formal adjoint of A. For any g G L+ with < 1, 

Tonelli’s theorem implies, 

[ AKh{y)g{y)u{y)dg.{y) = [ Kh{x)B{gu){x) dv{x) 


lx 


kt{x)B{gu){x) dv{x) ) h{f) dX{t). 


JT \Jx 

But, by Holder’s inequality, 

/ kt{x)B{gu){x) dv = / Akt{y)g{y)u{y) dg.{y) < \\Akt\\q,uiJ. < C\\kt\\p^v 
Jx JY 

for A-almost every t. Therefore, 

J [AKh){y)g{y)u{y) dg.{y) < C J \\kt\\p,vi^h{t) dX(t) < C\\Kh\\p^y^. 
Taking the supremum over all such g yields 

\\AKh\\q^up < C\\Kh\\p^,,. 

Since h G L'^ was arbitrary, the conclusion follows. 


□ 


In order to apply this result to fl we show that the range of a certain 

positive operator is a large subset of this cone. The positive operator is , 
defined by 

pOO 

K^’^h{x)= J k^’^{x,t)h{t) dt, 

where k°‘’^(x,t) = inin{x^t~°‘,x~°‘t^). It is easy to check that for fixed t, 
is in flay and that K^’^h{x) G P^ fl flay whenever h G L'^. Thus, the image of 
L'*' under is a subset of P^ fl flay- What we mean by “large subset” is in 

Lemma 12.51 

We start with a lemma stating the geometrically obvious fact that if a function 
is linear on some interval, so is its least concave majorant. 

Lemma 2.3. Suppose g is the least concave majorant of g G L~^. If f > 0, c> 0 
and g{x) = cx on (0, ff) then g{x) = xg{f)/f, on (0,^). 

Proof. Let A = g{f,)/f. Since 5 > 0 is concave. Ax < g{x) on (0,.^] and Ax > g{x) 
on [^, 00 ). Since g is continuous, 

A = 5 ( 0 /^= lim g{x)/x> lim g{x)/x = c. 

Thus Ax > cx = g{x) on (0, and Ax > g{x) > g{x) on [^, 00 ). So Ax is a concave 
majorant of g and therefore Ax > g(x) on (0,oo). In particular, g{x) = Ax on 
(0,0. □ 
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The next lemma shows that every function in is equal, up to equivalence, 

to the limit of an increasing sequence of functions in the range of 

Lemma 2.4. Let ^ > 0 and let g be a quasi-concave function such that g{x)/x is 
constant on (0,^). Ifg is the least concave majorant of g, then g < g <2g and there 
exists a sequence of functions in G L+ such that in increases to g pointwise. 

Proof. Proposition 2.5.10 of [5] shows that g < g < 2g. 

Recall that a concave function on (0, oo) is absolutely continuous on closed subin¬ 
tervals of (0, oo). It has left and right derivatives everywhere, the right derivative is 
right continuous, both are decreasing, and the right derivative is less than or equal 
to the left derivative at each point. 

Let kp denote the right derivative of g and let a = g{^) — if ^ > 0 and 

a = g(O-l-) if ^ = 0. If ^ = 0 it is clear that a > 0 and if ^ > 0, Lemma 12.31 
shows that g{0/C is the left derivative of g at ^ so in this case, too, a > 0. Let 
ip{oo) = limt^oo ‘pit)- For n > ^ and t > 0, set 

(pit) — (pit^ti+l\ 

(2.2) init) = pioo)x(n,u+i)it) + ialt)nx(e.,i+i)i^) + fiog("+^)‘ ~' 

Since (p is decreasing, in S L'^ for all positive integers n > ^. 

We apply to each of the three terms separately. The first term becomes 

Jn^^ pioo) min(a:, t) dt. For each x, this is a moving average of the increasing 
function <^(oo) min(a;, t) and is therefore increasing with n. It converges to x<pioo). 

The second term becomes n min(a;, t) dt. This is a shrinking aver¬ 

age of the decreasing function amin(a;/t, 1) and is therefore increasing with n. It 
converges to amin(a;/5,1). 

Let the third term of (12.21) be init). For y > 0, 



lim 


log(nM) M^oo 


-^—TTT lim 

log(IlM) 

n+1 

f:~ Pit) f 

n+1 

ry ^ 

Jy t 

n+1 

Pit) f 

n+1 

py r} di 



pioo). 


Since (p is decreasing and right continuous, its shrinking average on (2/,?/+^) 
increases with n and converges to piy). Thus the last expression increases to 
piy) — pioo) as n —7> oo. The identity. 



min(a:, dt 



hit) dt dy, 
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shows that also increases with n and, by the Monotone Convergence Theo¬ 


rem, 


lim K?’^£n{x) = lim 

). —^ cio ^ n. —^ on 


'0 «/max(y,^) 


£n{t) dtdy 


= / (^(max( 2 /, ^)) - 93 ( 00 ) dy 

Jo 


{ Xip{^) — Xip{oo), 0 < a; < ^; 

+ff(a;)-5(0 0 < < x; 

g{x) - g(O-b) - xif{oo), 0 = ^ < x. 

Combining the three terms of (12.2L we conclude that K^'^£n increases with n. 
When 0 < T < ^ the limit is, 

x(p{oo) + a{x/^) + X<f{^) - x<f{oo) = xg{^)/^ = g{x) 

by Lemma [2.31 When 0 < ^ < a: the limit is 

x(p{oo) -b a -b 593 (f) -b g{x) - g{^) - x(p{oo) = g{x), 

and when 0 = f < a; it is 

x(p{oo) -b a -b g(x) — 5 ( 0 -b) — 3 : 93 ( 00 ) = g{x). 

This completes the proof. □ 

This approximation of quasi-concave functions can be used to give a similar result 
for functions in (~l They can be realized as increasing limits of functions 

of type K^’^h, up to equivalence. This result extends Lemma 5 of [19]. 

Lemma 2.5. Suppose f > 0, and a,/3 G R satisfy a + P > 0. If f G nfla./s, then 
there exists f G L'^ and a sequence of functions {/i„} in L+ such that f < f ^‘if 
and K^’^hn increases to f pointwise. 

Proof. Within this proof let y = x°‘~^^ and s = Fix / G P^ and dehne 

g by setting g{y) = x°‘ f{x). This ensures that g G P^ct+p C flo,!- Let g be the least 
concave majorant of the quasi-concave function g and apply Lemma 12.41 with f 
replaced by 5““''^, to obtain functions £„ G L"*" such that increases to g as 

n —>■ 00 . 

Set f{x) = x~°'g{y). Since g < g < ‘ig we also have f < f < 2/. (Note that / is 
not the least concave majorant of / in general.) Then define by requiring that 
t~°‘hn{t) dt = £n{s) ds. Evidently, h^ G . Also, K^’^hn{x) is equal to 

pOO pOC 

/ mm{x^t~°', x~°'t^)hn{t) dt = x~°‘ / min(?/, s)£„(s) ds = x““Ar°;+^£„( 2 /). 

J^o.+p « 

Therefore, K^’^hn{x) is increasing with n and converges to x~'^g{y) = f{x). This 
completes the proof. □ 


Now we have all the machinery to prove the main result of this section. 
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Proposition 2.6. Suppose ^ > 0, and a,/3 S R satisfy a + /3 > 0. Let 0 < p < 1 < 
q < oo and u,v G . If A G A, then 


(2.3) 


sup 

t>^ 


\\Akf’^\U,u 



< sup 


Uf\U,u 

II/IIp,!' 


< 2 sup 
t>i 


Ukf’^\U,u 


Proof. The definition, k^’^{x) = niin(a;^t °‘,x “t^), ensures that if t > ^ then 


G n This proves the first inequality of (j2.3p . For the other, let 


D = sup 
t>i 




H \\P,v 

We apply Lemma [52] taking p, and v to be Lebesgue measure on (0, oo). Note 
that each Al G ^ is its own formal adjoint. Let A be Lebesgue measure on (^,oo), 
K = and k{x,f) = fc“’^(a;,t). The conclusion is that for all h G L'^, 


Now fix / G nrict,/? and apply Lemma|53|to get an increasing sequence /i„ G L'^ 


aAl 


such that / < lim. 


. K 

n—^oo 


cx.,/3 


hn Si 2/. The averaging operator A preserves order. 


so, by the Monotone Convergence Theorem, 

P/||g,„< lim WAK’fAh^W <D lim pPpiP < 2P||/||p.„. 

n—>00 ^ n—>oo ^ 

This proves the second inequality of (1531) . 


□ 


One consequence of ProDOsition l2.6l is the following extension of Theorem 1 in m 
(see also Theorem 3 in [TOj) from the range l<p<9<ooto0<p<g<oo. It is 
possible to get such an extension directly from Maligranda’s Theorem 1 beginning 
with the case p = 1 and making the substitution / H> Z^. By this method one 
obtains the constant in place of the smaller 2^/^ that appears below. 


Proposition 2.7. Suppose Z > 0, and a, /3 G R satisfy a+P >0. IfO<p<q<oo 
and u,v G L'^, then 


(2.4) 


sup 


\\k 


a,/3\ 


\q,u 


->? Wk^’^W 


< sup 
f&pfncia 


Proof. Taking g = /'^, it is routine to verify that, 


sup 

f&pfnQc./i 



( sup 
VgeP|'’nn,„,,p 


llg||p/ij,« / 


But, {kfA(^x)Y = fc(“’'^^(a:), so we also have, 


sup 

t>? 




\\kt'^\ 


p,v 



1/9 


The result now follows from Proposition 12.61 with indices p/q and 1, by taking A 
to be the identity. □ 


We end this section by stating the special cases of Propositions 12.61 and 12.71 that 
will be used for our results in inequalities for Fourier series. Recall that P = P^ 
and ^^(a;) = min(z“^,a:”^) = kf-^{x). 
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Corollary 2.8. Let 0<p<2<q<oo and u,v £ L+. If A £ A, then 


sup ■ 

2>1 |1^2||p/2,l 


\\^f\\q/2,u ll^'^z||qr/2,t, 

- “iTTii-- 2 sup -f]—T]- 

/ePnn2,0 11/11^/2,?; 2>1 11^211^/2,?; 


Corollary 2.9. Let 0 < p < q < oo and u,v £ L'^. Then 


\\^z\\q/2,u 

®'^PTi— li- 

z>l ||^ 2 ||p/ 2 ,i: 


^ Il/ll9/2,u 

- J7\\ - 

/GPnn 2 ,o \\J\\p/2,v 


< 2^/"^ 


\\'^z\\q/2,u 

sup li—ip—. 

z>l 11^211^/2,1; 


3. Necessary Conditions 


Here we construct the test functions that produce our necessary condition for 
the Fourier inequality 

(3.1) ||/||a,(.) < C'll/lipp), f£L\T). 

The condition we obtain is automatically necessary for the stronger inequality (EB 
as well. The method is similar to the construction given for the Fourier transform 
in |16] . in that one test function is constructed for each averaging operator in the 
class A, see m, and each value of a positive real parameter z. The details of 
construction in the Fourier series case are quite different, however, because of the 
finite measure on T and the atomic measure on Z. 

The idea is to take advantage of the large class of functions g whose rearrange¬ 
ments coincide with /*, for a given /. It turns out that there is enough freedom 
within this class to ensure that the rearrangement g*, of the Fourier series of g, 
possesses the properties we require. The first four lemmas are needed to give the 
main construction in Lemma 13.51 The general necessary condition is proved in 
Theorem 13.71 

Throughout this section we use p to denote counting measure on Z. 

The Fourier series of the characteristic function of an interval is easy to calculate. 
The first lemma gives an estimate of its rearrangement. 

Lemma 3.1. Suppose z > 3 and let f{x) = X(o,i/z)(2;), viewed as a function on T. 
Then f*{y) > 1/(37ri/ -|- Qttz) . 

Proof. The Fourier coefficients of / may be computed directly. If fc ^ 0, then 

m = m d. =e-*'/. 

For a > 0, let 

Ea = {fc G Z : |/(fc)| > a} 3 {fc G Z \ {0} : | sin(A:7r/z)| > a|A:|7r}. 

To estimate p{Ea), the number of elements in Ea, note that any real interval of 
length L contains at least L — 1 integers. We will also make use of the following 
simple estimate based on the convexity of the sine function: If n is an integer and 
|a; — (2n — I)| < 1, then | sin(7ra:/2)| >l—\x— (2n — 1)|. 

Let N be the greatest integer less than l/(Q:7rz), fix a positive integer n < N 
and suppose k is an integer in the open interval of length z(l — airzn) centred at 
(z/2)(2n—1). Then, 

\k — {zf2){2n — 1)1 < (z/2)(l — airzn) < z/2 
and hence (n — l)z < k < nz. Also, 

|2A:/z — (2n — 1)| < 1 — anzn < 1, 
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SO the sine function estimate gives, 

I sin(fc7r/z)| > 1 — \2k/z — (2n — 1)| > airzn > airk. 

If follows that k € {{n — l)z,nz) fl Ea- Thus, there are at least z(l — anzn) — 1 
positive integers in ((n — 1 ) 2 :,n^:) fl Ea- Summing these from n = 1.. .iV shows 
that /x((0,oo) n Ea) is not less than, 


(z — 1)N — z’^airNlN + l)/2 > (-2—1) ( -1 ) ~ ~ f ■ 

\a7r2: / 2 \( 

Evidently, k € Ea if and only if —k € Ea- So, using 2 > 3, 


+ 1 


k-{Ea) > 2/i((0, 00 ) n Ea) > - - -h 2 — 3z > --32. 

air 3a7r 

The definition of the rearrangement ensures that when a = f*{y), y{Ea) < y, 


so 


and we have 


1 


y*{y)^ 

riy) > 


-3z<y 


1 


Sny + 9712 


□ 


The rearrangement of a characteristic function depends on the measure of the 
underlying set, but not on its geometry. On the other hand, the Fourier series of 
a characteristic function is profoundly affected by the geometry of the underlying 
set. Here we take advantage of this fact to get a dilation-like result that behaves 
oppositely to what we expect from a Fourier dilation. 

Lemma 3.2. Let k be a positive integer and 2 > 1. Let f{x) = X[o,i/(kz))(x). Then 
for any £ > 0 there exists a function g G L^(T) such that 

g*{s) = f*{s/k) and g* (y) > f* {y/k) - e 

for 0 < s < 1 and y > 0. 

Proof. We show that for a sufficiently large integer M, 

k-l 

g{x) = Y,e^-^^^y{x-j/{kz)) 
j=o 

will be the desired function. First notice that the translates of / in the sum above 
are supported on disjoint subsets of [0,1). Thus, 

fc-l k-l 

\9{x)\ = - j/{kz))\ = '^f{x- j/{kz)) = X[o,i/z){x)- 

7=0 7=0 

Furthermore jf/l and / are both decreasing so, for 0 < s < 1, 

9*{s) = l5(s)| = X[o.i/z)(s) = /(s/fc) = f*{s/k). 

This shows that g satisfies the first conclusion of the lemma no matter what M is 
chosen. 
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To establish the second conclusion we make use of the properties to get, 

k—1 

g{n) = - jM). 

j=o 

Fix e > 0 and choose M = 2k/{'Ke). For ah n satisfying |n| > M/2, 


\fin)\ = 


_ ^iUTT j (kz) 


TT-TT 


sin(n7r/ (kz)) 


1 e 

^ < T- 

riTT k 


So if \n — jM\ < M/2 for some j then, for every I ^ j, \n — IM\ > M/2 and hence 
\f{n — IM)\ < e/k. It follows that if \n — jM\ < M/2, then 

\gin)\ > \ fin-jM)\ - {k- l)e/k > \ f{n-jM)\ - e. 

Now we can estimate the distribution function of g. For a > 0, 
fj,g{a) = g{n € Z : \g{n)\ > a} 

fc-i 

> ^ UM - M/2,jM + M/2) : \g{n)\ > a} 
j=o 

fc-i 

> ^ UM - M/2,jM + M/2) : \ f{n-jM)\ - s > a} 

3=0 

= kg{n G {—M/2, M/2) : |/(n)| > a + e} 

Since |/(n)| < e when n ^ (—M/2, M/2), 

g-gict) > kfj,{n € Z : \ f{n)\ > a + e} = kg,j{a + e). 

Now for y > 0, 

y > gg{g*{y)) > kgf{g*{y)+e) 

and hence 

f*{y/k) < f*{gf{g{y)+e)) < g*{y)+e, 

as required. □ 

The last two results combine to give a useful one-parameter family of estimates 
for the rearrangement of the Fourier series of a characteristic function with an 
underlying set of Hxed measure. 

Lemma 3.3. For z > 3, r > 0 and e > 0 there exists a function g G L^(T) such 
that 

= 3,.,/r + 9l(r+l)W " 

Proof. Let k be the integer satisfying r < k < r + 1 and let / = X[o,i/fez)- Then by 
Lemma [3^ there exists a g such that. 


g*{s) = f*is/k) = X[o,i/z) and g*{y) > f*iy/k) - e 
Lemma 13.11 yields 

1 1 


r{y) > 


— e > 


3TTy/k + 9Trkz 37ri//r-|-97r(r-|-l)z 


— £ 


□ 
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The next lemma is a variation of the construction in Lemma 13.21 This time the 
characteristic function is subdivided into infinitely many parts of differing sizes. 
The increase in generality is balanced by the coarser estimate obtained for the 
rearrangement of the Fourier series. 


Lemma 3.4. Let {pj} be a sequence of non-negative real numbers satisfying Pi 
Po ^ 1- For each pj let fj = X[o,pj) be a function on the unit circle. Then for any 
e > 0 there exists a function g G L^(T) such that 

9*=Xlo.,po) and 9 *{y) > f*{y) - e, j = l,2,.... 


Proof. Let Xi =0 and Xj = Pi ^ 2. Define g by, 

OO 

gix) = J2e^-^^^^f,{x-X,l 

i=i 

where the Mj, j = 1,2,... are to be chosen later. The definitions of Xi,X 2 ,... 
ensure that the translates fj{x — Xj) have disjoint supports, and that, 

OO 

\9{x)\=Y.\e^^^^^^f,{x-X,)\=xio.poy 

i=i 


Since jgl is decreasing, g* = |(;| = X[o,po )5 f^e first conclusion of the lemma. 
The Fourier coefficients of g are given by, 

OO 

g{n) = _ Mj). 

i=i 


(Note that since the series defining g converges in L^(T), the series defining g 
converges in L°“(Z) and hence pointwise.) We choose Mi, M 2 ,... so that the 

intervals, Ij = {Mj — 2ii/{ tts), Mj + 2^/{Tie)) are disjoint for j = 1,2,_ This 

implies that if n G Ij, then n ^ Ii for I j so. 


\fi{n-Mi)\ 


sin((n - Mi)7ipi) 
{n — Mi)7i 


< 


1 

|n — Mi\ti 



Thus, for n G Ij, 

\ 9 {n)\ > \ fj{n - Mj)\~ ^ 0 ) “ 
iM ^ 


For any j and any a > 0, 

9g{oi) > p{n G Ij : \g{n)\ > a} > g,{n G Ij : \fj{n — Mj)\ > a + e}. 

But \fj{n — Mj)\ < e for n ^ Ij, so 

9g{ct) > 9{n- G Z ~ ^j)\ > a + e} = Pf.{a + e). 

As in Lemma lX^ this estimate for the distribution functions gives, g*{y) > fj{y)—e, 
the desired estimate for the rearrangements. □ 


Lemma 3.5. Let z > 3 and A G A. For each e > 0 there exists a function 
f G L^(T) such that 

f* < X[o.i/z) and < ci{f* + e) 


with Cl = 183. 
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Proof. Fix e > 0 and let {{ai,bi)} be the intervals associated with the averaging 
operator A. We will build the function / in pieces and assemble them using Lemma 
I3Z1 The first piece, /o = X[o,i/ 42 ), satisfies /g = X[o,i/ 4 z) so, by Lemma|3IIl 

foiy) > ( 37 ri/ + 97r(42))“^ > ( 397 rmax(i/, = a; 2 (?/)^/^/( 397 r). 

If y satisfies Aujziy) < 2 w 2 (j/), then 

(3.2) Auziyf/^ < 3972^/0*(y) < cif^{y). 

The second piece is needed only when z is contained in one of the intervals of A. If 
there is one, call it (oq, 6 o). By Lemma 13.31 with r = y'bo/JSz) and z replaced by 
8z/3, there exists a function go such that = X[o,3/(8z)) and 

gViy) + e/2 > (^Try^/Sz/bo + 97 r (^\/5o/(8z) + (8z/3)) 

= ^6\/27r(i//6o) + 6-\/27r + 247r(z/6o)^^^^ {boz)~^^'^. 

If y G (oo, bo) then both y/bo and z/bo are less than I so, 

go*{y) + el‘2- > ( 12 v^ 7 r + 247r)“^(6oz)“^/^. 

Also, if y G (oq, bo), the monotonicity of cuz implies that, 

1 1 1 2 

Aujziy) = T - / i^z{t)dt<— ujz{t)dt<— ujz{t)dt = —. 

bo — no Jao no Jo "0 Jo boz 

Thus, 

(3.3) Aujziy)^^'^ < (12^271 + 2ATr)V2{go*iv) + e/2) < Ci(yo*(y) + e/2). 

The remaining pieces of / are indexed by certain intervals of A. Let 

J = {j 7 ^ 0 : z < Oj < bj /2}. 

For each j G J, apply Lemma [3.31 with r = ^JbJJ(lQa^ and z replaced by 16oj/3, 
to produce a function gj such that g* = X[o, 3 /( 1603 )) and 

gYiy) + e /2 > (snyylmoj/bj + 97 r (^^bj/{16aj) + I^ (IGa^/S)^ 

= (l27r(y/&j) + I27r + 2^^-K{2ajjb^f!'^'^ ^ (a^bj)-^^^. 

If y G {ttj, bj) then both y/bj and ‘Jojfbj are less than I so, 

9j*{y) + e/2 > (247r + 24 -\/ 27 r)“^(aj 63 )“^/^. 

But for y G {aj,bj), AuJz{y) = l/{ajbj) so 

(3.4) Aujziy)^^^ < (247r + 24^271)(y 3 *(y) +e/2) < Ci{gj*{y) +e/2). 

To apply Lemma |T4] to the functions fo, go, and gj for j G J we need to estimate 
the sums of the lengths of the intervals involved. For each j G J, let rrij be the 
smallest integer such that 2 ™ 7 z < qj. Since z < aj, each mj >0. To see that 
rrij 7 ^ rrik for distinct j,k G J, suppose aj < Ofe. Since the intervals of A are 
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disjoint, bj < Uk and we see that, ruj > mk because, < 2aj < bj < ak- 


Since the mj are all different. 


^, 1 1 ^, 1 9 

n - y. y Z-^ y 




Qi 


jej 


Therefore, 


1 3 


m—0 


3 1 , 

> -< - < 1 

^ 16a,- z 

JGJ ■> 


and Lemma 13.41 guarantees the existence of a function / such that, 

f* < X[o.i/z), /* > /o* - e/2, f* > go* - e/2, and f* > gY - e/2 for j € J. 

To see that < Ci(/* +e), let y > 0. If Aujziy) < 2cjj,(?/), then p.2p shows 

that 

< ci(/o*(y) +e/ 2 ) < ci{f*{y)+e). 

If y and z are in the same interval of A, then (13.3|) shows that 

{Aujz)iy)^^'^ < ci{gY{y) + e/ 2 ) < ci(/*(y) + e). 

Any other y satisfies Aui^iy) > ‘^'Z)z{y) and is not in an interval of A with z. Since 
ALOz{y) ^ ^ziy)j y is in some interval {aj,bj) on which is not constant. Thus 
z <bj. But z is not in the interval that contains y so z < aj. Therefore, 

1 2 2 
= Aujz{y) > 2wz{y) = — > 


a,bj " 1/2 /,2 


and we see that aj < bj/2 so j G J. Now (13.41) yields, 

{Aujz)iy)^^^ < ci{gY{y) +e/2) < ci{f*{y) + e) 

to complete the proof. □ 

The restriction z > 3 in the last lemma is a technical one and can be removed. 

Proposition 3.6. Let z > 1 and A G A. For each e > 0 there exists a function 
f G L^(T) such that 

f* < X[o,i/z) and {Auj^Y^^ < c(/* + s) 

with c = 3ci = 549. 


Proof. If z > 3 then Lemma 13.51 implies the existence of the desired function /, 
because ci < c. 

If 1 < z < 3 then we set z = 3 in Lemma 13.51 to get a function / such that 
/* < X[o.i/ 3 ) and {Auj^)^/'^ < ci(/* + e). Clearly, /* < X[o,i/^)- We also have 
ujz < 9 a ;3 which implies Aujz < 9 Aa ;3 and completes the proof. □ 

The main result of the section follows. It uses the test functions just constructed 
to give a necessary condition for the Fourier series inequality (j3.5ll . As we will see 
in the next section, for a large range of indices, the condition is also sufficient. 

Theorem 3.7. Suppose 0 < p < oo, 0 < q < oo, and for some C > 0, u,w G L'^ 
satisfy 

(3.5) 


II/IIa,m <C||/llr,w, /£ A^T). 
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for all f € L^T). Then 


sup sup 

Z>1 AgA 


\\^^z\\q/2,u 

11 ^ 211 ^/ 2 ,?; 


< c^C 


2 


where c is the constant in Provo sition \S.b\ Here v{t) = t^ ^w(l/t). 


Proof. Making the change of variable t t-A 1/ton the right-hand side, (13.51) becomes, 

/ pcxi / pl/t \p \ l/p 

( 3 . 6 ) \\r\ku<ci^j^ (^1 rj v{t)dtj . 

Fix A € A, z > 1, and e G (0,1). Let F > 0 and use Proposition 13.61 to choose a 
function / : T —>■ C such that f* < X[o,i/z) ^md 

(Acu,)i/ 2 <c(r+ (e/c)Aa;,(F)i/ 2 ). 

Since uJz is decreasing, so is Aujz- Thus, for y G [0,y), 

AuJziyf^'^ < cf*(y) + eAuJziyf/'^ < cf*{y) + eAiWz^yf^'^, 
so (1 — e)Aujz{yY^'^ < cf*{y). Therefore, 

{l-Sn{Au;z)X[0,Y)\U/2,u < C^rX[0,Y)\\lu < C^llfllL' 

But, for all y, 

A/v Alv 

/ f*{t)dt< / X[o,i/z)it) dt = ujziy)^^'^, 

Jo Jo 

so, using (IMl), 

We conclude that 

(1 - e)^||(Aa;^)x[o.v)||,/ 2 .« < c^C'^||w 1 |p/ 2 .„. 

Letting F —>• oo, and then e —>• 0, gives, 

ll^^z|l,/ 2 .. < C^C'^l|Wz||p/ 2 ,. 

and completes the proof. □ 


A slight simplification of the above proof gives the corresponding result for the 
Fourier series inequality between A-spaces. Notice that in this case both the Fourier 
inequality and the weight condition depend only on the values of w{t) for 0 < t < 1 . 


Corollary 3.8. Suppose 0 < p < oo, 0 < q < oo, and for some C > 0, u,w € L+ 
satisfy 

||/||a,(.) ^CII/IU.M, /GLi(T). 
for all f G L^(T). Then 


\\ALOz\\q/2,u 

sup sup -z- 

z>l A&A IIX(0.1/z)||p/2,. 


< c- 


, 2^2 


where c is the constant in Provosition \3.6\ 
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4. Main Results 

In this section we present weight conditions that ensure the boundedness of 
the Fourier coefficient map between Lorentz spaces. For a large range of indices 
these coincide with the necessary conditions obtained in the previous section to 
give a characterization of exactly those weights for which the map is bounded. The 
focus is on the inequality CH), which expresses the boundedness of the Fourier 
coefficient map from rp(w) to ^q{u) but we will see that exactly the same weight 
conditions give boundedness from rp(ii;) to Aq{u). Under mild conditions on w the 
boundedness from Ap(w) to Aq{u) is also equivalent. 

While the most interesting results involve weights w that are supported on [0,1], 
other weights are permitted. The interested reader may verify that both the Fourier 
inequalities and the various weight conditions depend on wx{i,oo) only through the 
value of w{t) Similarly, any weight u is permitted, but the most interesting 

cases involve weights u that are constant on [n—l,n) for n = 1,2_See Theorem 

I4.7|(iii)| for an indication that only the values u{t)dt for n = 1,2,..., are of 
significance. 

For sufficiency of the weight conditions we actually prove the boundedness result 
for a large class of operators that includes the Fourier coefficient map. Let {X, /r) 
and (F, u) be tr-finite measure spaces with /i(X) = 1, and let T be a sublinear 
operator from to We say that T is of type (l,oo) and (2,2) 

provided T is a bounded map both from to and from to The Fourier 
coefficient map is one such operator; in this case /x is Lebesgue measure on [0,1] 
and V is counting measure on Z. 

Let T denote the collection of all sublinear operators T of type (1, oo) and (2, 2), 
over all probability measures /i and cr-finite measures u. Propositions 14.21 and 14.41 
below, give several weight conditions that are sufficient for the inequality, 

(4.1) l|r/llr,(.) <qi/llr,w, 

to hold for all T S T. Recalling that v{t) = it is easy to rewrite this as, 

(4.2) ^ ^ 

{Tfr{tyu(t)dt^ < Q‘ /*(s) ds^ v{t)dt^ , / e L'. 

(Note that since p, is a finite measure, = L^.) 

The results of this section are based on the following corollary of a rearrangement 
estimate from [^. 

Proposition 4.1. Suppose {X,p) and (Y,iy) are a-finite measure spaces and let T 
be a sublinear operator from to + Lff. Then T € T if and only if there 

exists a constant Dt such that 

(4.3) j ^{ Tfy*{tf dt<DT r { s ) ds ^ dt 

for all z > 0 and f S + L^. 

This result appears in with (Tf)* instead of the larger (T/)**. But Hardy’s 
inequality shows if T G T, then so is the map / i-A (Tf)**. Since ((TF)**)* = 
(TF)**, we obtain the statement above. In the case that T is the Fourier coefficient 
map, we may take Dt = 8. 
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The next two theorems give sufficient conditions for the Fourier inequality (HU. 
Recall that a function h : (0, oo) —>■ [0, oo) is in Pr\V, 2 ,o provided t^h{t) is increasing, 
h{t) is decreasing, and h{t) is constant on (0,1). 


Proposition 4.2. Suppose 0 < p < oo, 0 < q < oo, and u,v G L+. Let 


Ce 


sup 

hoPnfi2,o 


Iloilo, / 2 ('u) 
ll^llp/2,'U 


Then for each T G T the inequality holds with C = a/ DtCq. In particular, the 
Fourier inequalities fZU and 113.5\) hold with C = \/8Ce- Here w(t) = P ‘^v{l/t). 


Proof. Let T gT and let be its associated probability space. Fix / G 

Let hf and (pf he defined by 

hf{t) = ns) ds) and pf{t) = (l/i?T)(T/)**(^)^ 

where Dt is the constant from Proposition l4.ll Notice that hf{t) is decreasing and 
t^hf{t) = is increasing. Also, since p{X) = 1, f* vanishes outside the 

interval (0,1) and therefore hf is constant on (0,1). It follows that hf G P D 112,o- 
In addition, pf is decreasing and Proposition id.ll implies that p*f* < hy. Therefore, 

\\Tf\\q/2,u < ll^/ll 0 ,/ 2 («) < C'0||^/llp/2,i;- 

This implies (14.21) with C = y/DrCQ. 

Since w{f) = t'P~'^v{l/t), (14.21) becomes (14.11) . Taking T to be the Fourier coeffi¬ 
cient map, and Dt = 8, we obtain (HU with C = v^SCe. The weaker inequality 
(13.51) is an immediate consequence. □ 


Remark 4.3. Suppose q = p and u = v G Bp/ 2 . Then 0p/2(w) = Ap/ 2 {u), 
with equivalent norms, so for h decreasing, ~ ll^l|Ap/ 2 («) ~ ll^llp/ 2 ,ti- H 

follows that Cq < oo and we have, with w{t) = tP~'^u{l/t), 

||/||r,(«) < C||/||r^(^), fGL\ 

In particular, when 1 < p < 2 and u{t) = v(t) = P~'^, we recover the well-known 
fact that the Fourier transform maps into the power-weighted Lorentz space . 
Recall that, 

( rco \ i/p 

n'-\n{ndtj . 


Despite this example, Cq can often be difficult to estimate directly, so we provide 
a number of estimates in the next proposition. One that will figure prominently in 
our weight characterization is. 


(4.4) 


Cai = sup 
2>1 


ll^^ll0,/2(»^) 

ll‘^z||p/ 2 ,i; 


Recall that uJz{t) = min(t“^, Also recall that u° denotes the level function 

of u with respect to Lebesgue measure. Both will be needed in the statement and 
proof of the next theorem. In view of Proposition 14.21 each of the following upper 
bounds for Cq gives a sufficient condition for (14.11) and hence for HU- 


Proposition 4.4. Suppose 0<p<oo,0<q<oo, and u,v G L'^. 
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(i) For any p and q, 


Cq < sup 

ftGPnn 2 ,o V Jo 

(ii) 9 > 2 , then 




9/2 


h(s) ds j u(t)dt 


2/9 


dt 


-2/p 


„ 11 ^^ 119 / 2 ,u , 

Cq = sup sup — - - and 

hePnn2,o AeA ll^llp/2,-u 


Cq < sup 

hePnn 2 ,o \Jo 


< \ 2/9 

h{t)C^u°{t) dt ] 


(iii) If p < q and q > 2 then 

1 


Cq < {4:q'yC g^p 

l<l/x<y \^y Jo 




V \ 2/9 

u{t) dt 


h{t)PCy(f^ dt 


-2/p 


dt 


-2/p 


(iv) If p <2 < q then Cq < 2Cui ■ 

Proof. Inequality (d shows that for any decreasing h, 


e,/ 2 M ^ 


l- q/2 


( /l Y \ 9/2 \2/9 

C)=yJ [j J Hs)dsj u{t)dtj , 


which proves (i) 


When q >2, Corollary 2.4 of m shows that for each decreasing h, 


ll^ll 6 g/ 2 («) “ 11^^119/2,« — 11^119/2,ll°- 

AeA 


(4.5) 


This gives both the equation and the upper bound in |(ii)[ It also shows that when 

<7 > 2 , 

u R\ n Il^^z|l9/2,11 

(4.6) Cu, = sup sup -, 

^>lAeA \\^z\\p/2,v 

which will be useful later. 


For (iii) we begin by applying Corollary [2/9] to the upper bound from (ii) Since 

p<q, 

^ 11^119/2,«» „ 2/9 ll‘^ 2 |l 9 / 2 ,«° 

Cq < sup -—2 - < 2 sup - 1-2 -. 

h^Pr\Q. 2,0 \\'^\\p/2,v Z>1 \\^z\\p/2,v 

Let X = 1 / 2 , and make the change of variable 1 1 —>■ 1/t in the denominator to get, 

/ roo \ ‘2./P / j-oo \ 2/p 

\Yz\\p/2,v=ij miii{tP,xP)t~Pw{t)dt\ =x'^{j uix{tY^‘^w(t) dtj 

To estimate the numerator, observe that since u° is decreasing. 


) 7 i 


dt , z"? r , 

— = u (z) - / dt < 

C ^ \ Jo 


r-Q 


9-1 


Thus, 

II9/2,' 


u°{t) dt. 

\ 2/9 


Pit)dt + < [q'z-^ j\°{t)d^ 
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But Lemma 2.5 of 


shows that 


I I rv 

- / u°(t) < 2 sup - / u{t)dt, 

z Jo y>z y Jo 


so, 


11 ^^ 115 / 2.^0 < (2q'z^ "^supi [ u{t)dt 

\ y>^ y Jo 


llq 

) = I 2q' sup 


1 


lfx<y JO 


fV \2/9 

u{t) dt j 


This estimate gives, 


/ 1 

Ce < 2^/® sup x^{2q' sup — / u{t)dt\ / uJxijY^'^wit) dt 

l/x>l V l/x<yXyJo J \ Jo 


-2/p 


which simplifies to the conclusion of |(iii) 

To prove (iv)[ apply Corollarv l2.8l to the equation from |(ii)| to get 

^ \\^h\\q/2,u ^ ^ \\A^^z\\q/2,u 

Ce = sup sup -f7—-< 2sup sup -= 26^^, 


^ ^ 11 I, 11 

hePnn2,oA&A II^IIp/2,' 
where the last equality is (ITO . 


' .. .. 
z>l AeA \\^z\\p/2,v 


□ 


Next we combine the sufficiency results above with the necessary conditions 
obtained in Section [3] to obtain a necessary and sufficient condition for the bound¬ 
edness of the Fourier coefficient map between weighted Lorentz spaces. Recall that 
v{t) = and refer to expressions (14.41) and (14.61) for the constant C^. 

Theorem 4.5. Let 0<p<2<q<oo and u,w € L'^. The Fourier inequality, 

||/||r,(.) ^C'll/llr.M, f€L\T), 
holds if and only if < oo. Moreover, for the best constant C, 


549 


<C< 4v^. 


Proof. Let C be the least constant, finite or infinite, in the above Fourier inequality. 
Propositions 14.21 and I4.'^liv)| show that for any / G L^(T), 

||/||r,M < V^||/||r,w < 4ya||/||r,w. 

Thus, C < 4v^. 

On the other hand, inequality (d shows that we also have, 

||/||A,(„)<q|/||r,w, /ei'(T), 

so (14.61) and Theorem 13.71 give. 

\\Au}z\\q/2,v 


= sup sup 


>lAg.A ||W2||p/2.^ 


< (549(7)^ 


This completes the proof. 


□ 


In the case q = 2 the necessary and sufficient condition Co, < oo can be put in 
a form that is especially simple to estimate. 
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Theorem 4.6. Let 0 < p < 2 and u,w G L'^. If C is the best constant in the 
Fourier inequality, 

||/||r.(„) <C||/llr,w, /ei'(T), 

then 

C^y/549 <C< 8C,,y, 

where 


C,y= sup f—f\{t)dt)^(x-p[\it)dt+rwit)^) 
l<llx<y \^y Jo J \ Jo Jx I'P J 


-1/p 


Proof. With q = 2, Proposition shows Ce < SCfy giving C < \/8Ce < 


SC, 


It remains to show that CxyJlb'iQ < C. Since i u°{t) dt is a decreasing function 


that majorizes ^ u{t) dt, we have 


(4.7) 


sup - / 
l/x<y y Jo 


i{t) dt < 


f'ljx 


X u 


°{t) dt. 


So, taking z = Ijx and applying Lemma 2.2 of |16) . 

1 fp r 

sup — / u{t)dt< / u°{t)dt < z‘^\\ixiz\\i,u<‘= snpWAoj^Wi^u- 
l/x<y Xy Jo Jo AeA 


Also, 


pX pOO 7/ 

'J^w{t)dt + J w{t) — = zP\\u}^\\l^^l^^. 


Therefore, by (14.61) and Theorem 14.51 


C'xp ^ sup sup II —= Cui < (549C)^. 


'xy — 

2>1 AeA \\^z\\p/2. 

Taking square roots completes the proof. 


□ 


Examining the proofs of the last two theorems gives a more general result. We 
record it without tracking the estimates of the constants involved. 

Theorem 4.7. Let 0<p<2<q<oo and u,w G L'^. The following are 
equivalent. 

(i) For each T G T there exists a finite constant C such that 

(4.8) ||r/||r,(„) < C'||/||rp(u,), / e L^. (Here p depends on T.) 

(ii) There exists a finite constant C such that 

||/||r,(„) ^C'll/llr.c.), fGL\T). 

(hi) There exists a finite constant C such that 

||/||a,(.) <C||/||r,w, fGL\T). 

(iv) Cuj < oo. 

When q = 2, Cxy < oo is also equivalent. 
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Proof. Since the Fourier coefficient map is in T, (i) implies (ii) Inequality (|1.4I1 


shows that (ii) implies (iii) But if (iii) holds for some finite constant C, then the 
proof of Theorem 14.51 provides C^i < (549(7)^ < oo and gives (iv) To complete the 

G r, (gll) holds 


□ 


iv) to see that for each T 


circle apply Propositions 14.21 and |47 
with C = ^JDtCq < \/2DtCu) < oo. 

The last statement of the theorem follows from Theorem 14.6 


Under a mild a priori condition on the weight u, the necessary and sufficient 
condition simplifies and the above theorem extends to a larger range of indices. 
Recall that if u is decreasing, then u G Bi aa and u G ^^ 5/2 for every q > 2. 


Proposition 4.8. Let 0 < p < q < 00 , 2 < q and u,w G . Suppose that 
u G Bq /2 if q > 2, and u G i?i,oo */<? = 2. Then the Fourier inequality, 


holds if and only if 


(4.9) sup 

0<ai<l 


|r,M<qi/llr,w, /GLi(T). 


I^l/x \ 1/q / px poo 

J u{t)dtj yx ^ J w{t)dt + J w{t)— 


-i/p 


is finite. In fact, under the above hypothesis on u, statements (i). (ii) and (iii) of 
Theorem are all equivalent to the finiteness of 


Proof. First suppose q = 2. The Ri,oo condition on u shows that there exists a 
constant bi{u) such that for each x, 

pl/x p py pl/x 

/ u{t) dt < sup — / u{t) dt < bi(u) / u(t) dt 
Jo Kxy xy Jq Jq 

so Cxy < 00 if and only if (14.91) is finite. Since p < q = 2, Theorem 14.71 completes 
the proof. 

Now consider the case q > 2 and suppose that is finite. Since u G Bq /2 
there exists a constant c such that inequality dn]) holds. This and dLl give, for 
any decreasing h, 


Therefore 


G>q/2{u) — Il^l|r5/2(M) — *"11^11 A,/2(“) C|| 


/ 11 ^ 119 / 2 ,« 2/9 ll‘^z|l 9 / 2 ,' 

Cq<c sup < c 2 sup - 


iiGPnn2.o ll^llp/2,j) 
where the second inequality is from Corollarv l2.9l 
But 

, ,dt 1 , dt bq/2{u) r , , , 

/ u(t) — < — 7 - / u(t) — 7 - < - / u{t) dt, 

J, t1 - z9/2 ^ > tin - z1 Jo ^ ^ ’ 


SO 


/ T fz poo (jf\in /1 /-z \ 2/9 

\\uJz\\q/2,u= U{t)dt+j m(<)— j < {l+bq/2{u)f/‘>\^—U{t)dtj . 


Therefore, Cq is bounded above by a multiple of, 

/I po r r°° dt\~‘^^^ 
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Using w{t) = tP '^v{l/t) and letting z = 1/a; we see that the last expression is equal 


to the square of (14.91) and therefore Ce < oo. Proposition 14.21 shows that Part (i) 


of Theorem 14.71 holds. For any p and q, Part (i) implies Part (iij 


For the converse, still in the case q > 2, suppose the Fourier inequality, 
||/||r,(.)<q|/||r,M, /ei'(T). 


holds. That is. Part (ii) of Theorem 14.71 holds. Then (jl.4l) shows that Part (in) also 
holds, so we may apply Theorem 13.71 Since the identity operator is in A, we have, 


sup ■ 

Z>1 


11^ 


-2 


X(0,z)\\q/2,u ||Wz||q/2,i 

< sup ■ 

z>l 


11 ^ II II < sup sup 

\^z\\p/2,V Z>1 I1^2||p/2,1! Z>1 AGA ||^2||p/2,1! 

Using w{t) = tP~^v{l/t) and letting z = 1/x, we see that (14.9p is finite. This 
completes the proof. □ 


\\AuJz\\q/2,'. 


< OO. 


One consequence of this theorem is an analogue for the Fourier coefficient map 
of Theorem 2 in [3], a result for the Fourier transform. In the original result, u 
was assumed to be decreasing. In this analogue we have weakened this condition; 
a decreasing function is in both Bq /2 and Bi^oo- 


Theorem 4.9. Let u and w be weight functions on (0,oo). 

(i) Suppose 1 < p < q < oo, q > 2, and w € Bp. Also suppose that u € Bq /2 
if q > 2, and u € i?i,oo if <1 = 2. If 


(4.10) 


sup X 

0<x<l 


f^l/x \ 1/g 

u{t) dt j 


/o 


f\{t) 

Jo 


dt 


-i/p 


< oo 


(4.11) 


then there is a C > 0 such that 

I|/||a,m < C||/|U^(, 


f€L\T). 


(ii) Conversely, if is satisfied for any weight functions u and w on (0, oo) 

and for 1 < p,q < oo, then holds. 


Proof. As always, v{t) = t^ ^w{l/t). For Part (i) since w £ Bp, || • IIa,w and 
II • Ilrp(u)) are equivalent norms. Therefore (14.111) is equivalent to Theorem 14.7[l'iii)[ 
A routine calculation using w G Bp shows that (14.101) is equivalent to the finiteness 


of (14.91) . Now Proposition 14.81 completes the proof of Part (i) 


For part |(ii)[ apply Corollarv l3.8l taking A to be the identity operator, to get, 

\\^z\\q/2,u 


2>? IIX(0,l/z)llp/2,i 


< OO. 


Since z ^X(o,z) < this implies 


sup [ z 
2>1 


; \ 9/2 

u{t) dt j 


r.1/2 


-2/p 


){t) dt 


< 00 . 


Replacing z by 1/x and taking square roots proves (j4.10p . 


□ 


As a final result for this section we show the sufficiency, for the Fourier coefficient 
map on Lorentz spaces, of a weight condition analogous to one used in Theorem 1 
of [ 3 ], a result for the Fourier transform on Lebesgue spaces. 
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Theorem 4.10. Let 1 < p < q < oo and 2 < q. Assume u and w are weight 
functions on (0, oo). If 

sup ( / u°{t)dt\ ( / w{t)^~^ dt\ <00 

0<a;<l \Jo J \ Jo ) 

then there exists C > 0 such that 

||/||a,(«) < C'||/||ap(™) 

for all f € Li(T). 

Proof. Let a{t) = t'^~‘^u°{l/t) so that 

dt 


rllx poo 

/ u°{t)dt= / a{t) 
Jo Jx 




and hence, 


sup ( f\%t)dtV'(x-^ r ait) dtp r ait) 
0<a;<l \Jo J \ Jo Jx / 


-1/q 


< 1 . 


In view of (|4.7I) we may apply Propositions I4.^1iii) and 14.21 in the case p = q and 
w = a., to see that 

||/||r,(.) <q|/||r,(.), f€L\T), 

for some C < 00 . 

Let B be the supremum in the hypothesis of the theorem. Then, 

sup ( [ ait)-] / wit)^-P'dt] <B<oo. 

0<x<l\Jx J \Jo ) 

By Theorem 1 in [7], there exists a finite constant c such that the weighted Hardy 
inequality, 

A p \ 9 \ 1/9 f A \ i/p 

J \t J ait)dtj 9it)^wit)dtj 

holds for all g > 0. 

If / G L^(T) then /* is zero on (1, 00 ). Therefore, 


lr,(a) 


I ()//»*)'’(*)■<*+(//•(»)*) / -«)§■ 


The weighted Hardy inequality above, with g = f* , shows that the first term is 
bounded above by, 

r-i \ 9/p 

f*it)Pwit)dt\ 


r.911 fll9 


/o 




H51der’s inequality shows that the second term is bounded above by 
pi \ q/v /pi \ q/p' 


/o 


\ Q/P / /*! \ ^/P /*oo 

rit)Pwit)dtj wit)^-P'dtj ait)-<B^f\\ 


9 

Ap{w) ■ 


Putting these together, we have. 


||/||a,(«) < ll/llr,(u) 
This completes the proof. 


<C||/||r,(.)<(c^ + i?^)'/^C||/|U,(„). 


□ 
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5. Applications 

The space L\ogL consists of functions / defined on [0,1] for which the integral 
of I/I log(2+ I/I) is finite. It is well known that the space coincides with the Lorentz 
space Ai(l — log(t)) = ri(l). See, for example, Corollary 10.2 in [5]. 

Taking p = 1 and w = 1 in Proposition 14.^1' hi) | and Theorem 14.61 gives a descrip¬ 
tion of spaces that contain the Fourier series of all functions in LlogL. 


Theorem 5.1. Suppose 2 < q < oo and u is a weight. If 


(5.1) 


sup 


>/ (l+logz)9 


1 fy 

sup — / u{t) dt < oo 

v>z y Jo 


then T : L\ogL —?> T^)?!) and hence J- : LlogL —?> Aq{u). When q = 2, condition 
is also necessary. 


Remark 5.2. If u is decreasing, or satisfies the weaker condition u G i?i,oo then 
supj,^-, i u[t) dt may be replaced by ^ u{t) dt in the previous theorem. 


But LlogL is only one of a large class of Lorentz spaces known as Lorentz- 
Zygmund spaces. One can define Lorentz-Zygmund spaces for functions on any 
CT-finite measure space by letting. 


ll/lk'-.p(log£)“ 


(/“ [ti/’'(i +1 \ogt\rnt)Yff^ , 0 < p < oo, 

supo<t<ooi^^’'(l + |logi|)“/*(i), p= oo, 


and setting £’'’P(log£)“ = {/ : ||/||£'-,p(iog£)“ < oo}- When the underlying mea¬ 
sure is Lebesgue measure on [0,1] we write L’’’P(logL)“ and when the underlying 
measure is counting measure on Z we write £’'’^(log^)“. 

The Lorentz-Zygmund spaces were introduced and studied in They are 
special cases of the Lorentz Ap(?«)-spaces. Specifically, L’’’*’(log L)“ = Ap{w), where 

w{t) = tp/^-\i-\ogtrpxio.i){t), 

and £’'’^(log.^)“ = Ap(u), where 

u{t) = tp/^-\i + \\ogt\rxio,^)it)- 

Interpolation theory provides a powerful approach to finding conditions on Lorentz- 
Zygmund indices that are sufficient to imply boundedness of the Fourier series map 
between Lorentz-Zygmund spaces. This is done in and elsewhere. For example, 
ifl<p<oo,/3GM, and 1 < r < 2, the method of Remark l4Al may be applied 
with u(t) = t^A - 1(1 -(_ I log(t)|)i^ to show that the Fourier transform is bounded 
from L'''P(\ogL)^ to i'' ’P(\ogi)^. We omit the details. 

Our next result complements these by providing necessary conditions. 

Observe that L^’P(\ogL)°‘ { 0 } if and only if fPA-i^i _ logt)“ is integrable 

near zero. To avoid the trivial case we assume that 


(5.2) r < oo, or {r = oo, p < oo, ap < —l}, or {r = oo, p = oo, a < O}. 

Theorem 5.3. Suppose p,q £ (0, oo), r,s £ (0,oo], a, fl £ (— 00 , 00 ) and 15.ill) 
holds. If T : L’'’i’(log L)“ —>■ ^^’^(log^)^ then either s > 2, or s = 2 and /3 < 0. 
Also, either l/r-|-l/s<l, orl/r-|-l/s = l and j3 < a. 
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Proof. The hypothesis may be stated as, ||/||a,(«) < C\\f\\A^iw) for / e T^(T), 
where 


w{t)=tP/'^ 1(1 - logt)“Px(o,i)(0 and u{f)=P‘/‘‘ ^(1 + | logt|)^'ix(o,oo)(i)- 


So Corollary 3.8 implies, 


(5.3) 


sup 

z>l 


snpAg.4ll^a;^ll<?/2,u 


< 00 . 


Since (?? holds, the denominator is finite for each z > 1 and it follows that the 
numerator is finite as well. In particular, \\my^oo\\AyUJz\\q/ 2 ,u < oo where, for 
y > z, Ay is the averaging operator based on the single interval (0,?/). For this 
operator. 


AyUJz{t) ~ y y^ X(0,y){t) + — y^^(0,y){t)f 

so 

/ ^ rv \2/<? 

hm ^ / t«/«-i(l + |logt|)^^dt < 00 . 

y^oo \y1l^ Jq ) 

From this we conclude that either s > 2, or s = 2 and /3 < 0. This proves the first 
conclusion of the theorem. 

For the second conclusion, take A to be the identity operator in (j5.3() . Since 

\ 2/9 / »l/z 

i9A-l(l + |l0gt|)/39dtj ij tP/'-l(l 



\ - 2 /p 

-\ogt)°‘Pdt\ < 00 . 


But an easy estimate gives, 


so 


-|(t'i/^(l + I logtl)'"^) < + I logt|)^^(g/s + \m 

at 


{q/s + im [ t«/"-i(i + |iogt|)'5«dt> ^^/"(i + liogzl)^®. 

Jo 


It follows that 


2/q 


lim 

Z—^OO 


Z-2 (^9A(1 +logz)/39) 


< 00 . 


(tP/’'-i(l - logt)“P dty 
Taking the 2/p exponent outside the limit and applying L’Hospital’s rule, gives, 

^-p+p/s-i(i _|_ log z)dp(^-p + p/s + Pp/{1 + logz)) 

-z- 20 i-p/’-(l + logz)“P ^ 

Now it follows that either l/r+l/s< 1, or I/r + I/s = I and (3 < a. □ 
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